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1. Introduction
Recently, some relationships between vector variational-like inequality problems and vector optimization problems
were considered in [1–4]. Ruiz-Garzon et al. [4] established their relationships under the assumptions of pseudo-convexity.
In 1996, Kazmi [1], firstly considered the equivalence of the following vector optimization problem;
find weak-min f (x) subject to x ∈ K , which means a weak minimum at x = x0 if and only if f (x) − f (x0) 6∈ −intRm+ for
x ∈ K
and the following vector variational-like inequality problem;
find x0 ∈ K satisfying
〈f ′(x0), η(x, x0)〉 6∈ −intRm+, ∀x ∈ K ,
in finite-dimensional spaces, where K(⊆ Rn) is a nonempty η-connected set and f : Rn → Rm is a vector-valued function.
He also showed a sufficient condition for the existence of optimal solutions to the vector optimization problem by using
the vector variational-like inequality problems and pre-invex functions in finite-dimensional spaces. Mishra and Noor [3]
established various relationships between vector variational-like inequality problems and vector optimization problems in
finite-dimensional spaces under the assumption of pseudo- α-invex functions.
In this paper, we consider the following (weak) vector variational-like inequality problems ((W)VLIP) and (weak) vector
optimization problems ((W)VOP) for two topological spaces X , Y and anα-invex (strictlyα-invex, pseudo-α-invex)mapping
f : K(⊆ X)→ Y on an α-invex set K ;
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(i) (WVLIP). To find a point x¯ ∈ K such that there exists no y ∈ K satisfying α(y, x¯)f ′(x¯, η(y, x¯)) < 0,
(ii) (VLIP). To find a point x¯ ∈ K such that there exists no y ∈ K satisfying α(y, x¯)f ′(x¯, η(y, x¯)) ≤ 0,
(iii) (WVOP). To find a weakly efficient solution toW -V -min f (x) subject to x ∈ K ,
(iv) (VOP). To find an efficient solution for V -min f (x) subject to x ∈ K ,
where f ′(u, v) denotes directional derivative at uwith the direction v, whichwill be introduced in considering the definition.
To check their relationships for the existence of solutions to the problems in topological vector spaces is our work in this
paper, which generalizes the previous results in [1–4].
2. Preliminaries
Throughout this paper, let X and Y be topological vector spaces, K a nonempty subset of X, η : K × K → K a mapping,
and α : K × K → R+ \ {0} a function. We need two partial order relations≤ and< on Y induced by a proper convex cone
P of Y with a nonempty interior int P , and defined as x ≤ y if y− x ∈ P and x < y if y− x ∈ int P for x, y ∈ Y .
Definition 2.1. A subset K of X is said to be α-invex at u ∈ K with respect to η if u + λα(x, u)η(x, u) ∈ K for x ∈ K and
λ ∈ [0, 1].
K is said to be an α-invex subset of X with respect to η if it is α-invex at every point u of K with respect to η.
Example 2.1. Let X = R2, Y = R and K = {(x1, x2) ∈ R2 : x2 > x1 > 0} ∪ {(0, 0)}. Let α : K × K → R+ \ {0} be a function
defined by α(x, u) = x1x2 + u1u2 and η : K × K → K be a mapping defined by η(x, u) = (x1u1, x2u2) for x = (x1, x2),
u = (u1, u2) ∈ K . Then K is an α-invex subset of R2 with respect to η. In fact,
(i) for u = (u1, u2) 6= (0, 0), since u2 > u1 > 0 and x2 > x1 > 0,
u+ λα(x, u)η(x, u) = (u1 + λx21x2u1 + λx1u21u2, u2 + λx1x22u2 + λx2u1u22) ∈ K ,
(ii) for u = (0, 0),
u+ λα(x, u)η(x, u) = (0, 0) ∈ K ,
where λ ∈ [0, 1].
Definition 2.2. We say that a mapping f : K(⊆ X) → Y is directionally differentiable at u ∈ K into a direction v ∈ K if
there exists w ∈ Y such that limt→0+ f (u+tv)−f (u)−twt = 0Y . We denote w = f ′(u, v), and f is directionally differentiable on
K if it is directionally differentiable at every point of K into every direction.
Definition 2.3. Let a mapping f : K(⊆ X)→ Y be directionally differentiable on K . The mapping f is
(i) α-invex with respect to η if and only if f (y)− f (x) ≥ α(y, x)f ′(x, η(y, x)), for x, y ∈ K .
(ii) strictly α-invex with respect to η if and only if f (y)− f (x) > α(y, x)f ′(x, η(y, x)), for x, y ∈ K , x 6= y.
(iii) pseudo-α-invex with respect to η if and only if f (y) < f (x) implies α(y, x)f ′(x, η(y, x)) < 0, for x, y ∈ K .
Example 2.2. Let X = R2, Y = R and K = {(x1, x2) ∈ R2 : x2 > x1 > 0} ∪ {(0, 0)}. Let f : K → R be a function defined by
f (x) = −x2 for x = (x1, x2) ∈ K . Let α : K ×K → R+ \ {0} be a function defined by α(x, y) = |x2− y2|+ 110 for x = (x1, x2),
y = (y1, y2) ∈ K , and η : K × K → K be defined by η(x, y) = (1, 1) for x = (x1, x2), y = (y1, y2) ∈ K , then f is strictly
α-invex with respect to η. Hence f is also α-invex with respect to η. In fact,
f (y)− f (x) = x2 − y2
> −
(
|y2 − x2| + 110
)
= α(y, x)f ′(x, η(y, x)).
Example 2.3. Let X = R2, Y = R and K = {(x1, x2) ∈ R2 : x2 > x1 > 0}. Let α : K × K → R+ \ {0} be a function defined
by α(x, y) = x1y1 + x2y2 and η : K × K → K be a mapping defined by η(x, y) = (x1, x2) for x = (x1, x2), y = (y1, y2) ∈ K .
Define a function f : K → R by f (x) = x2x1 for x = (x1, x2) ∈ K . Then
(i) K is an α-invex subset of R2 with respect to η.
(ii) f is pseudo-α-invex with respect to η.
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Proof. (i) It is obvious.
(ii) Since
f (y)− f (x) = y2
y1
− x2
x1
= x1y2 − x2y1
x1y1
and
f ′(x, η(t, x)) = lim
t→0
f (x+ tη(y, x))− f (x)
t
= lim
t→0
x2+ty2
x1+ty1 −
x2
x1
t
= lim
t→0
x1y2 − x2y1
x1 · (x1 + ty1)
= x1y2 − x2y1
x21
,
f (y)− f (x) < 0 implies α(y, x)f ′(x, η(y, x)) < 0. 
Remark that if we take X = Rn, Y = Rp and f : K ⊆ Rn → Rp, then Definition 2.3 reduces to Definition 2.3 in [3].
Definition 2.4. A point x¯ ∈ K is said to be an efficient (Pareto) solution of (VOP), if there exists no y ∈ K such that f (y)
≤ f (x¯).
Definition 2.5. A point x¯ ∈ K is said to be a weakly efficient solution of (WVOP), if there exists no y ∈ K such that f (y)
< f (x¯).
Since int P ⊆ P , it is obvious that an efficient point is a weakly efficient point, but the converse does not hold, in general.
3. Main results
We assume that K is an α-invex subset of X with respect to η and a mapping f : K → Y is directionally differentiable on
K into every direction.
Theorem 3.1. Let f be α-invex with respect to η. If x¯ ∈ K solves the problem (VLIP) ; @ y ∈ K ;α(y, x¯)f ′(x¯, η(y, x¯)) ≤ 0, then it
solves (VOP).
Proof. If the result does not hold, then there exists y ∈ K such that f (y) ≤ f (x¯). Since f is α-invex with respect to η and P
is convex cone, from the fact that P + P ⊆ P we have α(y, x¯)f ′(x¯, η(y, x¯)) ≤ 0. Thus x¯ does not solve (VLIP). 
With the similar method used in the proof of Theorem 3.1, we obtain the following theorem as a corollary.
Corollary 3.1. If x¯ solves (VOP), then it easily solves (WVOP) by contradiction. Hence by Theorem 3.1, for an α-invex function
with respect to η, if x¯ solves (VLIP), then it solves (WVOP). Consequently, for a strictly β-invex function f with respect to η, (VLIP)
implies (WVOP).
Remark 3.1. A function f : K → R defined by f (x) = −x2 and a function α : K × K → R+ \ {0} defined by α(x, y)
= |x2 − y2| + 110 in Example 2.2 explains the meaning of Theorem 3.1 and Corollary 3.1 exactly.
Theorem 3.2. Let f be pseudo-α-invex with respect to η. If x¯ ∈ K solves (WVLIP), then it solves (WVOP).
Proof. If x¯ does not solve (WVOP), then there exists y ∈ K such that f (y) < f (x¯). Since f is pseudo-α-invex with respect
to η,
α(y, x¯)f ′(x¯, η(y, x¯)) < 0.
Thus x¯ does not solve (WVLIP). 
Remark 3.2. The pseudo-α-invex function f with respect to η considered in Example 2.3 shows themeaning of Theorem3.2.
Theorem 3.3. Let −f be strictly α-invex with respect to η. If x¯ solves (WVOP), then it solves (VLIP).
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Proof. Suppose that there exists y ∈ K such that
α(y, x¯)f ′(x¯, η(y, x¯)) ≤ 0.
Since−f is strictly α-invex with respect to η, and P + int P ⊆ int P [5], we have f (y) < f (x¯), which means that x¯ does not
solve (WVOP). 
Weakening the condition of−f in Theorem 3.3, we have the following corollary.
Corollary 3.2. Let −f be α-invex with respect to η. If x¯ solves (VOP), then it solves (WVLIP).
Theorem 3.4. Let f be strictly α-invex with respect to η. If x¯ solves (WVOP), then it solves (VOP).
Proof. Suppose that there exists y ∈ K such that f (y) ≤ f (x¯). By the strict α-invexity of f , f ′(x¯, η(y, x¯)) < 0 from the fact
that P + int P ⊆ int P . So from the directional differentiability of f at x¯ into a direction η(y, x¯), f (x¯, tη(y, x¯)) < f (x¯), for
positive real number t sufficiently near 0, which is contradicted by a weakly efficient point x¯. 
Theorem 3.5. If x¯ solves (WVOP), then it solves (WVLIP).
Proof. By contradicting, we assume that there exists y ∈ K such that
α(y, x¯)f ′(x¯, η(y, x¯)) < 0.
Since α(y, x¯) is positive and P is a cone, f ′(x¯, η(y, x¯)) ∈ −int P . Hence the definition of f ′ implies that f (x¯+ tη(y, x¯))− f (x¯) ∈
−int P for t sufficiently near 0 and so f (x¯ + tη(y, x¯)) < f (x¯), which is contradicted by the fact that x¯ is a weakly efficient
point. 
By the same method shown in the proof of Theorem 3.5, we obtain the following result.
Corollary 3.3. If x¯ solves (VOP), then it solves (VLIP).
Remark 3.3. (i) Since (WVLIP) implies (WVOP) and (WVOP) implies (VLIP), (WVLIP) implies (VLIP) for a function which is
α-invex with respect to η.
(ii) Since (WVLIP) implies (WVOP) and (WVOP) implies (VOP), (WVLIP) implies (VOP) for a function which is pseudo-α-
invex with respect to η.
Remark 3.4. If f is (a) α-invex, (b) strictly α-invex, (c) pseudo-α-invex, with respect to η, and−f is (d) α-invex, (e) strictly
α-invex with respect to η, then we have the following diagram which shows the relationships between our results really.
4. Conclusions
Our results generalize and extend some results in [1–4]. Consequently, due to 4. Conclusions in [3], our results extend,
an earlier work of Ruiz-Garzon et al. [4] to a wider class of functions, namely α-invex, strictly α-invex and pseudo-α-invex
functions. Furthermore, we extend the results given by Ruiz-Garzon et al. [4], Yang and Chen [6] and Yang and Goh [7] from
convex and pre-invex functions to pseudo-α-invex functions.
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